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Abstract 

The equivalence between the N-particle Calogero-Moser systems and the integrable sl(N,C)-tops is shown. 
New rational and trigonometric classical Lax operators for these systems are found. Relations with new solutions 
of the classical Yang-Baxter equations for sl(N,C) are discussed. Explicit formulae for N=2,3,4 are presented. 



1 Introduction 

It was shown in [T] that the systems of the sl(2,C) Euler-Arnold tops [2, 3, 4 are equivalent to the two-particle 
Calogero-Moser systems (CM). In the present paper we generalize these results to an arbitrary rank. We show 
that the N-particle trigonometric and rational CM systems correspond to some new classes of sl(N,C) tops. The 
L-operators for these systems do not coincide with the standard degenerations of the elliptic Belavin L-operator. 
Thus, these Lax operators correspond to some new solutions of the classical Yang-Baxter equation for sl(N,C). 
In appendix we present explicit expressions for these L-operators for N=2,3,4. We write out the integrals of 
motion and then check that they commute with respect to the standard Poisson structure on sl(N,C). 



2 Basic example in rank one 

The classical elliptic L-operator for sl(2,C) is the solution of the classical equation for the linear Poisson bracket: 
{L ET (z) <g> 1, 1 ® L ET {z)} = [r(z), 1 g> L ET (z) + L ET (z) ® 1], (1) 
where r(z) is the classical elliptic Baxter r-matrix for sl(2,C). Explicitly for L ET (z) we get: 
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Here 9k m {z) are the standard theta functions with the elliptic parameter r: 

fcm (z, t) = J2 exp (2 tt* ((n +^) 2 ^ + (z + y ) (n + ^))) . (2) 

Equation |T]) fixes the Poisson brackets between Sj: 

{ 5j , Sj} = 2i eij k Sk- 
in what follows we also use the Chevalley basis: 

S2 = i(S+-S-), Si = S + + £- {5 3 , S + } = 2S+, {S 3 , S~} = -2S~, {S + , S~} = S 3 . 

In [S] , in the framework of Hitchin approach to the integrable systems [5] , the interrelations between the elliptic 
sl(2,C) top and the elliptic two particle Calogero-Moser system was found. In terms of the Lax operators for 
these systems the correspondence is looks like a gauge transformation: 
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where S(z) is a 2x2 matrix depending on the spectral parameter z and on the relative coordinate u — u\ — 112 
of the CM system: 

9 00 (z-2u,2t) -9 00 {z + 2u 7 2t) ~ 



E(z) = E(z,u) 



-01 0(2 - 2m,2t) 9 10 (z + 2u,2r) 
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and L 6 (z) is the L-operator for the elliptic CM system: 
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From dSJ) we have: 
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Our general aim is to find the trigonometric and rational analogs for these formulae. In the limit r — > i 00 
corresponding to the trigonometric degeneration expressions for Si ([5]) diverge. To overcome this problem let 
us apply to flSJ) an additional gauge transformation 0IH] depending on q — exp(7rir): 



A T (q) L ET {z) A T (q)-' = A T (q) ~(z) L EKM {z) Sr^z) A T {q)~\ 
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where: 

" qi 
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The gauge transformation acts in the "internal space" of the L-operator too, i.e. in addition to conjugation ^ 
we should change the dynamical variables: 
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Or more explicitly: 



After applying the gauge transformation of such a form, we can take the limit r — > zoo in 
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We get: 
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g_ v cos 2 (2-7ru) i> cos(2 7tm) (l + szn 2 (2 7ru)) 
7T sin(2 7T tt) sin 2 (2iru) 

With respect to the canonical Poisson bracket {u, v} = 1 we have: 

{53 , S + } = 2 S + , {53 , S } = —2 S . {S + , S } = S3. 

The Casimir function: 

Equations ((HJ) can be presented in a form: 

L^(z) = ~ r (z)L™(z)~?>r\ 

where: 

L TT (z) = lim ^ T (q) i BT (z) A 3 ^)" 1 , S T (z) = qi lim A T (g) , L TCM (z) = lim L ECM (z). 
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Taking the limits we get: 
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It is worth noting that L-operator Q10p does not coincide with the standard trigonometric degeneration of 
the elliptical one. Thus, this Lax matrix corresponds to some new trigonometric solution of the Yang-Baxter 
equation. Let us calculate the hamiltonian for the system defined by L TT (z): 



Tr(L TT (z) 2 ) = 2 tt 2 (Si- 16 5+ 2 ) 
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and from the definition for the hamiltonian we have: 
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Using |(5J) we see that this hamiltonian describes a motion of the trigonometric CM system: 

H T = , 2 (S 2 -16S+ 2 )=v 2 - ,ff 

sm (Ziru) 

Let us move to the rational case. To get the rational degenerations of |(HJ) we should replace the constant tt (the 
half period of the trigonometric functions) by a new variable x and then take the limit as x goes to zero. Just 
as in the trigonometric case we see that in this limit the right hand side of © diverges. To avoid this difficulty 
we apply to (|9|) an additional gauge transformation: 



A R {x) L TT (z) A R (x)- 1 = A R (x) E T (z) L TCM (z) E T {z)~ l A R (x)' 1 . 
where the matrix A R (x) has the form: 
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The gauge transformation in the internal space acts as follows: 
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i.e. we have a substitution: 
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After such a transformation we can take the limit x — in Q12[) and we find: 
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With respect to the canonical Poisson bracket {u, v} — 1 we have: 

{5 3 , 5 + } = 2 5 + , {53 ,5 } = —2 5 , {5+ ,5 } = 53, 
Expressions (|14p can be presented in a form similar to ([3]): 
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Lax matrix (fT!))) is a new rational L-operator for sl(2,C) because it does not coincide with the standard rational 
one. This Lax matrix defines some new hamiltonian system on the algebra sl(2,C). The hamiltonian of this 
system can be obtained from the expansion: 
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Using (|14[) we see that this hamiltonian coincides with the hamiltonian of the rational CM system: 

H R = 2S + S 3 =v 2 -^. (17) 
4ir 

Thus, we have shown that there exist new trigonometrical and rational L-operators corresponding to the two 
particle CM systems. These new Lax operators can be obtained from the elliptical one by applying to it some 
additional gauge transformations. One can generalize this construction to an arbitrary rank. A main difficulty 
here is to find the matrices of the additional gauge transformations A T (q) and A R (x) for all N. 



3 The Elliptic SL(N) Top 

The elliptic sl(N,C) top is the integrable system defined by the classical Belavin-Drinfeld L-operator: 
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Here (p m ,n(z) are defined by the standard theta functions ^j: 
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where S mn are the generalized coordinates of the top and T mn are the N x N matrices of the sl(N,C) generators 
in the fundamental representation. The generators T mn correspond to the so called sin-alg basis and can be 
constructed as follows: 
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It is easy to see that these operators form the sl(N,C) basis, and obey the following relations: 

[T sk , T nj ] = 2i sin ^ (kn - sj)J T\ a+n \ t \ k+ j\, Tr(T sk T nj ) = 6 s - n 5 k -j N . (20) 

Here \a\ is the value of a modulo N that belongs to the interval (1..7V), i.e. |0| = N. The dynamics of the top 
is defined by the Lax equation by means of the auxiliary M-matrix: 
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From Lax equation we can get the equations of motion: 
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where p(z, t) is the Weierstrass elliptic function. The quadratic hamiltonian of the system is defined by the 
expansion: 
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In [5] the correspondence between the elliptic sl(N,C) top and the N-particle elliptic CM system was established. 
The Lax operators of these systems are connected by the equation: 

L ET =~{z)L ECM {z)Z{z)-\ (24) 

where 

L E (z) = Vi S i3 + (1 - Sij) v 4>(uj - m, z), 
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4 The Trigonometric Lax Operator 

The trigonometric degeneration corresponds to the limit q — > 0. It can be checked that in this limit the 
right-hand side of (f2"4"|) diverges and as well as in the sl(2,C) case we need to apply to this equation some 
additional regularising gauge transformation depending on q. To find the matrix A T (q) of the additional gauge 
transformation let us consider behaviour of the matrix elements of S(z) in the neighbourhood of the point q = 0. 
We find that: 

Si*~q 2 \ N ~ 2 ) , BTj^q 2U 2j ) g = exp(2 7 rir). (25) 
From these expressions we find the leading terms for the right hand side of ([24]): 
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Analogously to the sl(2,C) case let us consider the matrix A T (q) in the diagonal form: 

A T {q) = diag[<f\ q a \..q aN }. (27) 

The degrees aj are defined from the condition for regularity of (|24[) after applying the the gauge transformation 
A T {q) in the limit q = 0. Combining (ffilj) and (|2"Tf we have: 

Therefore, the necessary condition for ai has the following form: 

- N (( i% _ _ J 
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The second condition is that the matrix A T {q) belongs to the gauge group SL(N) for all q: 

N 

det A T (q) = 1, => ^ a, = . (29) 
t=i 

From {2EJ| and (J2H) we get: 
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After constructing the matrix A T (q) we can find the trigonometric Lax operator: 



(30) 
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Here as well as in the sl(2,C) case in addition to conjugation (j3"Tj) the gauge transformation acts in the internal 
space of the L-operator. To alleviate the calculations it is useful to work in the basis gij induced by the natural 
embedding sl(N,C) c — > gl(N,C). The connection between the sin-alg basis and gl(N,C) basis has the form: 
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To give the answer for the limit (|31|l . which seems complicated, it is useful to write it down by parts. For the 
nondiagonal part we get: 
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The diagonal part of L (z) is 
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The connection with the N-particle trigonometric CM system has the form: 

l7T{z) = ~ T {z)L T ™{z)~?{z)-K 
where L TCM (z) is the Lax operator for the N-particle trigonometric CM system: 
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and the matrix S (z) is defined as the limit: 
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Lax matrix f3"2"|) defines some new integrable system on the algebra sl(N,C). The hamiltonian for this system is 
defined in the standard way: 

1 f tvL TT (z) 2 
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Using equation (|33|) for the hamiltonian we get: 
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Therefore, we get the equivalence between the N-particle trigonometric CM system and some new integrable 
top on the algebra sl(N,C) defined by L-operator (132|l . It worth noting that this Lax has very sophisticated 
form, and it does not coincide with the standard trigonometric L-operator for the algebra sl(N,C). To illustrate 
the formula (|32p we give in appendix the explicit expressions for L TT (z) in the cases N=2,3,4. We calculate the 
integrals of motion for the system defined by these Lax and check that they commute. 
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5 The Rational Case 



The rational degeneration corresponds to the limit as the period of the trigonometric functions approaches 
infinity. To find this degeneration we replace in (|35p the constant tt by a new variable x and then tend x to zero. 
As well as in the sl(2,C) case the right-hand side of (|35|) diverges in this limit. Analogously to the trigonometric 
case we apply to this equation the regularizing gauge transformation depending on the parameter x. Let us 
consider the matrix A R (x) for this transformation in the form: 

A R (x) = W 2 W x , (39) 

here the matrix Wl is lower-triangular and does not depend on x. The matrix W% is diagonal: 

W 2 =diag{x b \x b2 ,...,x bN ). (40) 

As in the previous section we need to find the degrees hi and the coefficients of W\ from the condition for 
regularity of the limit: 

lim A R {x) ~ T (u) L TCM (z) E T (u)- 1 A R (x)' 1 . 

x—*0 

We find: 

bi= (_N(N-l) l-{i-l)N\ 

\ 2N N J y ' 

*»-wki< >«P-*> (42) 

Wiij=Q, j>i 
Having found the regularizing matrix A R [x) we can get the rational version of (|35D : 

L RT {z) = E R (u) L RCM (z) S^^)- 1 . (43) 

where L RCM (z) is the Lax operator for the rational N-particle CM system: 

L SCM (u) ij =v i Si j + v(l-Si j ) 

Ui- Uh 



and the matrices H (z) and L RT {z) are defined as the limits: 

E R (z) = limx KN A R (x)E(z), L RT (z) = lim A R (x) L TT (z) A R {x)~ x , (44) 

2=0 x—0 

where Kn is some constant defined from the condition for regularity of the limit for E R (z). The hamiltonian 
of the rational top is defined in the standard way: 



T n_^I^L RT (zf 
\ni J 



H H = — f ~ — <l : . 

Using (|43[) for this hamiltonian we get: 



n—1 iytj J 



The last equation gives the equivalence between the rational top on the algebra sl(N,C) defined by Lax operator 
(H3J) and the N-particle rational CM system. In this section we have not presented the explicit expression 
for the L RT (z). Nevertheless, using the matrix of additional gauge transformation (|3"9")) by means of modern 
computational tools such as Maple or Mathematica we can calculate limits (|4"4"|) for N< 10. In appendix we 
present the examples of such a calculations for N=2,3,4. We give the explicit expressions for the L-operators 
corresponding to these cases and calculate the integrals of motion for the rational tops and then check that they 
commute. 
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Appendix T 

Here we give the examples of the 
ization for Lax operators: 



The operator L(z) for N = 2: 

L = —1/2 cos (n z) + 52,2) 

L12 = 31,2 

£21 = -401,2 (C0S(7TZ)) 2 +4^1,2 +32,1 

L22 = 1/2 cos(ttz) (-31,1 +32,2) 

The operator L(z) for N = 3: 

r / _-ijT2 n 1 „ — in z in z , in z \ /o 

Mi = (— e 33,3 + e 31,1 — e 32,2 + e 3i,iJ/o 

Xj'iinz h/Zinz , — 1/Zinz 

12 = e 31,2 — 32, 3e +e 32,3 

Ll 3 = 31, 3e 

r „ 1/327T2 1 1/327T2 — 5/3i7T2 

^2i=32,ie' + 31,3c — e 31,3 

22 = (e 32,2 — e 31,1 — e 33,3 + e g2,2)/o 

_ — 1/3 17T 2 

23 = e 32,3 

„ ^5/3i7T2 1 — 1/317T2 5/3i7T2 — 7/ZinZ , — l/3i7T2 , r) — 1/317T2 

31 = — 32,3e ' + e 31,2— 31, 2e ' — e 32,3+ 33, ie + 2e 32,3 

r ~ l/3i7T2 7/Zinz , r> l/3i7T2 — 5/3i7T2 — 5/3i7T2 , l/3i7T2 

-^32=33,26' — 3i,3e ' +231,36' — e 32,1 — e 31,3 + 32, ie ' 

/ „i^"2 \ „ — in z „~inz , I7r 2 \/q 

33 = (.— e 31,1 + e 33,3 — e 32,2 + e gz,z)/o 
The operator L(z) for N = 4: 

/ „in z „ 1 Q„ — i7T2 rt Q „ — in z „ i „ — i7T2 rt o ~i7r 2 i q „i7r 2 i „17T 2 rt „ — in z „ Wo 

11 = — e 33,3 + oe 31,1— o e 34,4 + e 32,2— oe 32,2 + oe 31,1 + e 34,4 — e 33,3j/o 

„ — l/2i7T2^, I ^ — l/2i7T2^, „ ^3/2i7T2 1 ^ — l/2i7T2^, rt ^3/2i7T2 

1 2 = e ' 33,4 + e ' 31,2 — 33, 4e ' + e ' 32,3 — 32, ze ' 
Li 3 = 32,4 + 31,3 - 32,4e 2 % * z 

T — n a 1 / 2 ™ 2 
Li 4 = 31, 4e 

~ l/2i7T2 — Z/2inz , \l2inz 

2i=3i,4e' — e 3i,4 + 32,ie' 

/ o -,*tt 2 q 2 — in z , o„ — inz 1 o „in z , in z in z , — in z \/q 

22 = (—oe 33,3 — oe 31,1 — e 34,4 + oe 32,2 + oe 32,2 + e 31,1 — e 34,4 + e gz,z)/° 



trigonometrical Lax operators lor N=2,3,4. We use the following normal- 

L TT {z) = ^N 

sm(7r z) 
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23 = — 53, 4e +e 32,3 + e 33,4 

-t/2 4 = 32,4 

31=32,4 — e 32,4+53,1 

r _ -3/2l7TZ^ , c l/2l7TZ -3/2l7TZ^ , c l/2l7TZ , ^_ l/2inz 

= — e 52,i + 31, 4e ' — e 31,4 +32, ie' + 33,2e' 

33 = (oe <73,3 — e 31,1 + e 34,4 — oe 32,2 + e 32,2 — e oe 34,4 + 3e 33, 3 J/8 

L„ — 1/2 Z7T Z „ 
34 = e 7 £3,4 

.3/2 Itt 2 1 n — 1/2 17T z I — l/2i7T2 rt , n ~\ i '2 in z — 5/2 in z „ „ „3/2 in z _ „3/2 in z , — 1/2 in z „ 

41 = — #2,3^ +^ie ^3,4 + e £2,3 + #4,ie — e ' #3,4 — <?i,2e / — <?3,4e +e #1,2 

42 = — e #2,4 + ^ #2,4 + <?3,1 + #1,3 ~ #2,4e — #1,36 + #4,2 — e #3,1 

O ^ ^1/2 in 2 —Z/2inz_ _ Ji>/2in z —%/2inz_ , _ ^1/2 Itt 2 , _ ^1/2 Itt 2 — 3/2i7T2_ , _ A/2in z 

43=^<?l,4e / — e pi, 4 — QlA e ~~ e #2,1 + <?4,36 ' +^2 ; ie / — e #3,2+ #3, 2e 

44 = (e 33,3 + e giA+,ie 34,4 — e 32,2 - e 32,2— 3e +3e 3 4 ,4-3e 33,3j/8 

The hamiltonians and highest integrals of motion 

On calculating the integrals of motion we use the standard definition: 

rTT r\\ k 



2km J z 



The integral J/2 is usually identified with the hamiltonian. We check the commutativity with respect to the standard 
Poisson bracket on the algebra gl(N,C): 

r „ A / dA dB dB 8A\ 
{A , B} N = \ ft fc 

i/^li \ d ^,j dg-j, k dg itj dg^ k J 

The case N=2 

H 2 = 1/2 (32,2 - 31,1 +43l,2) (32,2 - 31,1 - 431,2) 7T 2 

The case N=3 

H 2 = 2 (32, 2 2 - 32,233,3 - 932,332,1 - 3l,l33,3 - 93l,23l,3 + 31, l 2 - 2731,332,3 - 31,132,2 + 33, 3 2 ) 7T 2 

#3 = 3i,i 2 32,2 + 273i, 3 2 32,i - 3i,i 2 33,3 + 32,2 2 33,3 - 931,232,231,3 - 2732,3 s + 932,332,131,1 

-31, 132, 2 2 + 3l, 133, 3 2 + 2731, 3 3 - 2732,3 2 3l,2 - 933,332,332,1 + 931,231,333,3 - 32,233,3 2 

And we have checked that 

{#2, #2)3 = 0. 



The case N=4 

H 2 = 2 31,132,2 + 6 31,133,3 - 5 34,4 2 + 6 34,432,2 + 2 34,433,3 + 32 33,433,2 + 2 32,233,3 + 32 31,332,4 + 32 32,332,1 + 64 3 2 ,4 2 + 
3232,433,1 - 53i, 1 2 + 231,134,4 + 6433,432,1 + 12831,433,4 - 532,2 2 + 3231,231,4 - 533, 3 2 + 6432,331,4 

#3 = 43l,332,434,4 "43i,332,433,3+4 3l,332,432,2 - 16 33,4 2 3l,3 -31, 1 2 34,4 -4 31,332,431,1 -6433,432,332,4-32 31,233,432,4 - 

833,432,134,4 - 1633,432,333,1 + 432,433,131,1 + 833,432,131,1 -832,332,133,3 + 432,433,133,3 -432,433,132,2 -432,433,134,4 - 
833,433,234,4 + 831,231,434,4 - 833,432,133,3 - 832,331,433,3 + 832,332,131,1 - 1631,232,332,4 + 832,331,431,1 + 833,433,232,2 + 
8 32,331,434,4 - 8 31,231,432,2 + 16 31,332,131,4 + 8 33,432,132,2 + 64 32,432,131,4 + 32 32,433,231,4 - 8 32,331,432,2 + 16 31, 331, 4 2 + 

1632,432,l 2 + 64 32,43l,4 2 - 1633,4 2 33,1 - 1632,3 2 32,4 + 163l,4 2 33,l -64 33,4 2 32,4 +32, 2 2 33,3 -32,233, 3 2 +34,433,3 2 -3l, 132,2 2 + 
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5l,lff4,4 ~94,4 33,3 + 16 5l2,453,2fl2,l+3l,l 52,2 

H4 = 49152 52,4 2 3i,453,4 + 358434,432,253,431,4 + 153634,431,232,332,4 — 153632,453,232,131,1 + 819251,332,432,331,4 
—256 33,452,151,134,4+512 52,253,351,453,4+4096 51,352,152,352,4— 2048 52,452,253,251,4+4096 52,453,233,433,1 + 1792 54,432,232,351,4+ 
1536 53,351,352,151,4-128 31, 132,253,453, 2+384 54,453,353,453,2+4096 52, 352, 152,453, 1+384 52,352,132,233,3+358451,153,353,451,4+ 
384 32,233,353,433,2+51231,332,151,432,2 — 12832,332,154,433,3—51252,231,232,352,4+384 5i,i53,35i,23i,4—1536 53,452,353,134,4— 
128 54,453,351,231,4+384 51, 152, 251, 231, 4+24576 33, 452, 352,151, 4 + 1408 54,432,233,433,2+256 33,432,134,433,3+4096 33,432,333,231,4 — 

512 32,432,253,252,1 + 1408 34,432,251,231,4+768 53,452,152,253,3+4096 53,451,353,252,4+4096 53,452,353,252,1+256 51, 134,452, 351, 4 + 

1536 52,454,453,232,1+384 51,153,353,453,2+204854,453,452,332,4+1408 52,332,131,133,3-128 52,352,i5i,i34,4 +384 52,332,134,432,2+ 

4096 51,352,451,251,4+1536 51,152,353,453,1—2048 52,432,131,452,2 — 1536 51,352,151,454,4—12851,154,453,453,2 — 1536 51,232,332,433,3+ 

2048 32,453,352,i5i,4-128 52,253,35i,25i,4+24576 51,352,453,451,4+12288 31,433,132,332,4+819233,432,152,433,1+25632,233,352,331,4+ 

512 53,452,353,152,2 + 1792 53,452,131,133,3 - 448 32,433, 131, i 2 +384 32,332,151,132,2 - 448 32, 453, 153, 3 2 + 1792 31,133,352,351,4 + 

4096 31,232,332,131,4 + 2048 31,453,232,434,4 - 448 52,453,132, 2 2 - 448 52,453,i54,4 2 + 512 51,134,431,453,4 - 832 54,4 2 53,453,2 + 

40963i,233,432,i3i,4 + 384 31,134,431,251,4 + 24576 32,4 2 32, 153,4 + 24576 52,35i,4 2 53,4 + 1792 53,432,134,432,2 + 36 3i,i 2 34,433,3 - 

256 34,433,352,331,4-180 3i,i 2 54,452,2— 51253,352,353,453,1 — 1536 5i,35i,4 2 34,4+3634,4 2 32,233,3+36 31, 133, 3 2 34, 4+4096 32,451,253,131,4- 

180 3i,i34,4 2 33,3+36 3i,i54,4 2 52,2+36 51, i 2 52, 253, 3+36 51, 152, 2 2 54, 4+2048 54,451,253,452,4+512 51, 4 2 3i, 133, 1 + 12288 5i,433,233,4 2 + 

76831,132,252,351,4-2048 32,232,352,453,4-512 31, 131,352, i3i,4-1536 33,4 2 53,i34,4-1536 52,3 2 32,433, 3 + 12288 51,332,132,433,4+ 

8192 31, 23i,4 2 32, 3 + 12288 5i,23i,4 2 33, 4-2048 31,432,132,451,1 -2048 32,231,252,433,4+24576 52,453,433,131,4+204831,432,132,434,4+ 

25633,452,151,132,2 + 51231,152,253,451,4 + 409653,451,333,131,4 - 448 31, i 2 3i, 332,4 + 1536 3i,i33,4 2 33,i - 64 gz,z 2 gi, 231,4 - 

512 3i,i5i,35i,4 2 +512 33,4 2 33,i52,2 — 180 31, 132, 2 2 33, 3+1536 34, 432, 3 2 52, 4+768 31, 134, 432, 4 2 -512 32, 232, 3 2 32, 4+24576 3i,432,i33,4 2 + 

768 51, 152, 252, 4 2 +36 3i,i32,253,3 2 -180 54,452,233,3 2 +36 34,452,2 2 53,3-448 34, 4 2 3i, 332, 4+256 31, 133, 332, 4 2 +256 54, 452, 252, 4 2 — 

2304 54,4 2 3i,433,4 + 12288 32,4 2 33,433,2 + 768 52,253,352,4 2 + 512 52,3 2 52,45i,i - 204833,432,332,433,3 - 448 52,2 2 3i, 332,4 + 

768 34,453,352,4 2 +512 32,452, i 2 33, 3+24576 52,4 2 5i,452,3 + 1536 52,454,452, i 2 -512 53,353,4 2 53,i -448 51,352,453, 3 2 +512 5i,35i,4 2 52,2 + 

1536 53,35i,33i,4 2 -512 32,452,232, i 2 -1408 53,452, 132, 2 2 -832 3 4 ,4 2 3i,23i,4-896 33,452, 131, i 2 + 12288 32,4 2 3i,25i,4-1408 5i,i 2 52,33i,4- 

576 33, 3 2 33,433, 2-832 32, 2 2 33,433, 2-1408 32,2 2 52,33i,4-1536 52,452, i 2 5i,i+4096 g-2A 2 gi, 233,2-2304 3i,i 2 3i, 4 53,4-1408 33,432, i53,3 2 + 

4096 32,4 2 52,353,2-896 53,3 2 52,33i,4-1536 gi,4 2 gz, 353,1 -2304 5 3 , 3 2 53,45i,4-512 54,43i,333,4 2 -832 52,2 2 3i,23i,4-896 33,432, i34,4 2 - 

4096 3i,252,333,4 2 -645i,i 2 33,433,2+1536 32,25i,333,4 2 -896 3 4 ,4 2 52,33i,4 + 1536 3i,4 2 53,i52,2+4096 52,4 2 5i, 252, 1-2304 52,2 2 53,45i,4+ 

8192 52, 3 2 32, 131,4-6432, 352, i54,4 2 -576 51, i 2 5i,25m+8192 33,432, i 2 32, 3+8192 53,4 2 53, 252,1 -512 5i, 4 2 53,i54,4+512 53,35i,333,4 2 - 

832 52,352,i5i,i 2 -1536 5i,i5i, 3 33,4 2 -4096 5i,4 2 53, 252, 1 + 12288 52,4 2 52,i52,3-576 52,332,i32,2 2 -832 52,352, i53,3 2 +2048 33,452,352,431,1 + 

896 52,253,351,332,4-12834,453,351,332,4+128 54,452,251,332,4+128 31,133,331,332,4-12831,132,251,352,4+896 51,134,431,332,4+ 

512 34,453,353,451,4+216 51,152,254,453,3+896 52,453,151,132, 2+896 52,453,154,453,3+128 52,453,154,432,2+128 52,453,151,133,3- 

12832,433,151,134,4 - 12832,433,132,233,3 + 51231,232,352,451,1 - 605i,i 3 53,3 - 52 5i,i 3 52,2 - 52 5i,i 3 5 4 ,4 + 2048 52,4 2 53,i 2 - 

896 53,3 2 52,4 2 + 150 54,4 2 53,3 2 + 54 54,4 2 52,2 2 - 52 54,4 3 53,3 - 60 54,4 3 52,2 + 54 5i,i 2 53,3 2 + 150 5i,i 2 52,2 2 - 52 5i,i54,4 3 + 

150 5i,i 2 54, 4 2 -896 5i,i 2 52,4 2 -8192 53,4 3 52,3+8192 52,3 2 5i,4 2 -4096 5i, 4 2 52,i 2 -4096 5i,253,4 3 -4096 52,3 2 33,4 2 -4096 3i,4 3 53,2 + 

4096 5i,352,4 3 + 2048 5i,3 2 52,4 2 - 52 52,253,3 s + 150 52,2 2 53,3 2 - 896 52,2 2 52,4 2 - 52 52,2 3 53,3 - 8192 5i,4 3 32,i - 52 34,453,3 3 - 

60 54,432,2 3 -896 34,4 2 32,4 2 -60 5i,i53,3 3 -52 3i,i32,2 3 + 2048 53,4 2 53,2 2 + 2048 5i,2 2 5i,4 2 +8192 53,4 2 52,i 2 +2048 52,3 2 52,i 2 + 

24576 53,4 2 3i,4 2 -4096 3i,4 4 +41 3i,i 4 +41 34,4 4 +41 3 2 , 2 4 +4096 52,4 3 53,i -4096 53,4 4 +41 3 3 , 3 4 +4096 32,4 4 +512 52,453,252,133,3 

And we have checked the following commutativity properties: 

{H 2 ,H 3 } 4 = 0, 

{H2 , H4}4 — 0, 

{H 3 , H 4 } 4 = 0. 
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Appendix R 

Here we present the examples of the rational Lax operators for N=2,3,4. We use the following normalization: 

L« T (z) = ^L(z). 

The operator L(z) for N=2 

Ln = (gi,i - 32,2)/2 
Li 2 = gi 2 

£-21 = 32,1 + Z 3 (Sl,l - S2,2)/2 
1/22 = —(ffl.l — 32,2)/2 

The operator L(z) for N=3 

Li 1 = if iz 3 ff i,3 - 4/3 z 2 g 2 , 3 - 1/3 32,2 + 2/3 gi,i - 1/3 33,3 + 2/3 1231,2 
Li2 = -4/3z 2 gi, 3 - 24232,3 + 51,2 

il3 = ffl,3 

L21 = -|f Al,3 - 2T iz3 »2,3 - §2 2 5l,2 + (-2/3 431,1 +2/3 433,3) Z + 32,1 
L 22 = -| »Z 3 3l,3 + 2/3 (? 2 ,2 - 1/3 01,1 - 1/3 5 3,3 

L23 = 2/34231,3 + 32,3 

L 3 1 = -|§ 2 6 3l,3 + § «2 5 32,3 ~ fx Z 4 3l,2 + (~§igi,l - ^ «33,3 + § ifl2, 2 ) Z 3 " 4/3z 2 3 2 ,l - 2/3i23 3 ,2 + 33,1 
^32 = -|f-*Z 5 3l,3 - § 2 4 32,3 + 4? iz3 9l,2 + (-4/331,1 +4/3 33,3) Z 2 + 24232,1 +33,2 

L33 = 4/3z 2 32, 3 + 2/333,3 - l/33i,i + §j i2 3 3i,s - 1/332,2 - 2/3 1231,2 

The operator L(z) for N=4 

in = (3/42 4 3i, 4 + 2iz 3 32,4 + (-433,4 + 331,3) z 2 + (4431,2 +4132,3) z - 33,3 - 34,4 + 331,1 - 32,2)/4 
Li 2 = iz 3 3i,4 - 2 z 2 32,4 + (-2 133,4 + 131,3) z + 31,2 
Li 3 = 31,3 - 3/2 z 2 3i, 4 - 2 4232,4 

il4 = 3l,4 

L21 = 4 iz5 5L4 - 1/16 z 4 32,4 + 3/8 iz 3 3i, 3 + (-1/432,3 -3/4 31,2) z 2 + (1/2^34,4 + 1/2133,3 -131,1)2 + 32,1 

L22 = -1/2 2 4 3l,4 + (-1/2 31,3 - 33,4) Z 2 + 3/4 32,2 - 1/433,3 - 1/434,4 - 1/431,1 

£23 = -3/4i2 3 3i, 4 - 1/2 z 2 32,4 + (1/2 131,3 - 2ig- AA ) z + 32,3 

1/24 = 1/2 4231,4 +32,4 

L31 = Z 6 3l, 4 + 1/I6i2 5 ff2 ,4 + (-1/16 33,4 - 3/1631,3) 2 4 + (l/4ifl2,3 - 3/8i3l,2) 2 3 + (3/4ffi,i - 1/433,3 - l/2flj,, 2 ) 2 2 

+ (-1/2 153,2 -«32,i)z + 33,i 

L32 = -l/4i2 5 3i, 4 - l/22 4 32,4 + (-1/2 433,4 - 1/4 131,3) z 3 + (-1/431,2 - 32,3) z 2 + (-431,1 +434,4)2 + 33,2 
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L 33 = 3/8 z 4 g 1A - iz s g 2A + (-1/4 31,3 + 1/233,4) z 2 - l/2izg ia - l/4g 4 ,4 - 1/4 31,1 - 1/432,2+3/453,3 

L34 = izg2,4 ~ l/4 2 2 gl,4 +33,4 

i41 = "lis + 1/I6i2: 7 g2,4+ (-|ffl,3+|S3,4) Z 6 + (l/4iff 2 ,3 ~ ^ ^1,2) Z 5 + 

(-1/2 32,2 + 3/16 - 1/16 ff4 ,4 + 3/8 53,3) z 4 + (-ig 2 ,i + 3/4 133,2) z 3 
+ (-1/4 54,3 - 3/233,1) z 2 - 1/2 izff 4 ,2 + 34,1 

L42 = -l/16iz 7 ff i,4 - 3/8z 6 52 ,4 + (-1/16 131,3 + 5/8 133,4) z 5 + (-1/1631,2 - 1/2 32,3) z 4 + 
(-1/2 131,1 + 433,3 - 1/2 434,4) z A + (-1/233,2 - 232,1) z 2 + (-134,3 + 2 133,1) 2 + 34,2 

L43 = ^z G g 1A - 5/8iz 5 32, 4 + (-1/1631,3 - 5/4 33, 4 )z 4 + 1/2 iz 3 32, 3 + (-32,2 + 3/234,4-31,1 + l/233, 3 )z 2 
+ (2 132,1 + 2133,2) 2 + 34,3 

L44 = -1/16 z 4 3i, 4 + 1/2 iz 3 g 2A + 3/2 z 2 g 3A + (-132,3 - 1/2 131,2) z - 1/4 33,3 - 1/4 32,2 + 3/4 34,4 - 1/4 31,1 

The hamiltonians and highest integrals of motion 

On calculating the integrals of motion we use the standard definition: 



2kiri 

The integral H 2 is usually identified with the hamiltonian. We check the commutativity with respect to the standard 
Poisson bracket on the algebra gl(N,C): 



f , - V ( dA dB - dB dA \ 

N i7 4li \ d 9i,j 9gj, k dgij dgj, k J 



9i k 



ij k 

The case N=2 

H 2 = 231,2 (31,1 - 32,2) 

The case N=3 

H 2 = -3i,2 2 + 333,332,3 - 332,331,1 - 332,131,3 

H 3 = 3 33, 332, 331,2 -3 32,332,231, 2 +2/3 31, 2 3 -2 33, 3 2 3i,3+32,2 2 3i, 3 ™9 32, 3 2 32, i+5 33, 331, i0i, 3 -32,231, 151,3+331,332, 131, 2- 
2ffi,i 2 Si,3 - 33,332,231,3 

And we check the following condition for integrability: 

{H 2 , H 3 } 3 = 

The case N=4 

H 2 = -431,232,3 - 831,433,1 - 432,3 2 +631,131,3 - 432,233,4 — 232,231,3 — 1231,133,4 — 234,431,3 - 233,331,3 + 1234,433,4 + 
433,333,4 - 3 3i,2 2 - 832,433,2 - 1632,432,1 

H 3 = -833,432,131,3 - 431,433,131,2 - 434,433,431,2 +432,433,231,2 - 232,331,333,3 - 231,433,232,2 +433,332,333,4 
+ 1632,433,133,4 - 3i,2 3 - 232,331,334,4 - 23i, 2 2 32,3 - 231,433,234,4 + 331,131,231,3 - 831,333,132,4 - 831,432,134,4 
— 434,432,432,2 — 232,331,332,2 — 32,231,331,2 + 432,232,333,4 + 632,331,331,1 + 43i,i 2 32,4 + 434,4 2 32,4 + H>g 3A 2 g 2 ,i 
+ 8g 3A 2 g 3 , 2 +434,432,433,3 — 431,132,433,3 — 831,132,434,4 - 431,133,432,3 — 231,433,233,3 - 33,331,331,2 + 
431,132,432,2 +831,432,131,1 +432,233,431,2 +631,433,231,1 — 34,431,331,2 — 434,432,333,4 

#4 = -24 32, 234,431,232,4 + 16 31,232, 133,431,3 -16 32,234,432,432, 3 -20 32, 234,431, 131,4+831,433,232, 334,4 -4 32, 233, 331, 101,4 + 
1631,333,133,331,4 + 6431,433,232,433,1 + 831,132,231,232,4 - 2433,334,433,431,3 - 4831,333,232,431,1 + 1631,333,232,434,4 + 
1631,432,332,133,3 — 1631,134,431,232,4 — 6434,433,431,433,1 — 4834,433,431,232,3 — 1631,432,332,131,1 — 1631,432,332,134,4 — 
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256 34,433,432,402,1 + 1631,333,232,432,2 + 1631,432,332,132,2 + 12 34,431,331,232,3 + 80 34,431,332,432,1 + 1631,133,332,432,3 + 
8 3l,lfl3,33l,232,4 + 16 3l,232,l34,43l,4 - 32 33,431,232,433,1 + 32 31,333,132,432,3 + 16 31,333,131,232,4 - 483l,3S3,l3l,lfll,4 + 

1631,333,134,431,4 - 6433,333,432,432,1 + 1233,331,331,232,3 + 1633,331,332,432,1 + 1631,333,132,231,4 + 1632,231,332,432,1 - 
832,234,433,431,3+831,433,232,333,3-1631,232,131,151,4-832,233,333,431,3+4 31,433,231,233,3+431,433,231,234,4+5631,134,433,431,3+ 
56 3i,i53,333,43i,3+8 31,132,233,431,3+8 33,334,451,252,4-12 34,4 2 33,43i,3+48 31,153,451,252,3+256 51,133,432,432,1+64 32,233,432,432,1 + 
2033,334,451,151,4 + 433,334,452,251,4 + 3231,232,132,452,3 + 1632,433,252,253,4 - 4832,433,253,353,4 - 11232,433,254,453,4 + 

144 32,433,251,153,4 + 1232,231,351,252,3+6431,433,232,153,4 — 8 31,1 2 32, 432, 3+32 32,432,3 2 52,l-32 33,332,4 2 33,l+40 31, 2 2 32, 152,4 — 

32 34,432,4 2 53,i + 10 3i,i 2 32,23i,4 + 832,3 2 32, 253,4 - 8 32,3 2 33,353,4 - 56 32,3 2 34,453,4 - 231, i 2 33, 331,4 + 6431,133,431,453,1 + 

285l,2 2 5l,453,l - 5632,234,453,4 2 + 56 32,3 2 3l,l53,4 + 432,2 2 33,43l,3 - 2l3l,2 2 3l,l5l,3 - 104 3l,i34,433,4 2 - 8 32,233,353,4 2 + 
2 3l,2 2 32,233,4 + 731, 2 2 32, 251,3 - 10 3l,2 2 33, 353,4 + 7 3l, 2 2 33,35l,3 + 40 33,334,453,4 2 - 26 5i,i 2 54,45i,4 - 12 33,3 2 33,45l,3 + 
128 32,432, 151,453, 1-36 31, 131,331, 252, 3-H2 31, 131,332,452, 1-2 32, 2 2 33,35l,4+6 52, 2 2 54,45l,4-643l,333,l33, 4 2 -12 3i,l33,33l,3 2 + 
64 52,4 2 53, 252,1 + 643i,432,l 2 33,4 + 12 3l,332,3 2 52,2 - 363l,332,3 2 5l,l - 60 3l,l 2 33,43l,3 + 32 32,333,253,4 2 - 12 3i,i34,43l,3 2 + 

432,234,43i,3 2 - 123i,i32,23i,3 2 + 431,433,231,232,2 + 3231,232,331,453,1 + 432,233, 35i,3 2 - 56 31, 133,333,4 2 + 4 53,354,451, 3 2 + 

403l,l32,233,4 2 + 30 3l,2 2 3l,l33,4 - 8 33,3 2 3l, 252,4 + 8 34,4 2 32,452,3 - 12 3l,433,25l,25l,l - 6 53,3 2 5l, 151,4 - 8 33,3 2 32,452,3 + 
2 53,3 2 52,23i,4 + 1631,333,232,453,3 - 2 33,3 2 34,43l,4 + 2 34,4 2 32, 25l,4 + 12 3i,332,3 2 33,3 - 10 54,4 2 53, 351,4 + 16 54,4 2 5i, 252,4 + 
26 34,4 2 3i, 151,4+8 31,433,232,332, 2+I6 32,432, 3 2 53, 2-24 31,433, 232, 331, i+32 31, i32,4 2 33, i+32 31,332,332, i53,4+32 32,232,4 2 33,i + 

32 3l,232,l33,4 2 + 12 3l,2 2 32,433,2 - 22 3i,2 2 34,433,4 + 73l,2 2 34,43l,3 + 12 51,352, 3 2 54,4 + 48 3l,233,4 2 33,2 + 16 3l,432,3 2 53,l + 
8 32,2 2 32,452,3 +8 32,2 2 3l,232,4 + 2 32,2 2 3m5i,4 + 4 32, 3 4 + x 51, 2 4 + 8 3l,232,3 3 - 2 32,2 3 3l,4 + 12 33, 3 2 33,4 2 +60 34,4 2 33,4 2 + 
14 3i, 2 3 32,3 + 12 32,2 2 53,4 2 +64 33,4 3 33,i + 6432,4 2 52,i 2 + 6 3i,i 3 3i,4 + 2 33,3 2 3i,3 2 + 2 34,4 2 3i,3 2 +2 32, 2 2 3i,3 2 +60 5i,i 2 53,4 2 + 
32 3i,4 2 33,i 2 + 3232, 4 2 33,2 2 + 23 3 , 3 3 3i,4 + 18 3i, 2 2 32,3 2 + 18 3i,i 2 5i,3 2 - 63 4 ,4 3 3M 

And we check the following integrability conditions: 

{H 2 ,H 3 }4=0, {H 2 ,H 4 } 4 = {H 3 ,H 4 } 4 = 

References 

[1] A.Smirnov, Two-Bodies systems from SL(2,C)-tops, arXiv: math.ds/0711.2432vl (2007) 
[2] V.I. Arnold, Mathematical Methods of Classical Mechanics, Springer, 1978 ; 

[3] M.Olshanetsky, A.Perelomov, Classical integrable finite-dimensional systems ralated to Lie algebras, 
Phys.Rep 71C 313-400 (1981) 

[4] M-P. Grosset and A. P. Veselov, Lame equation, quantum top and elliptic Bernoulli Polynomials, arXiv: 
|math-ph/0508068| y2 

[5] A. Levin, M.Olshanetsky, A.Zotov, Hitchin Systems - Symplectic Hecke Correspondence and Two- 
dimensional Version. Comm. Math. Phys. 236 93-133 (2003); 

[6] N. Hitchin, Stable bundles and integrable systems, Doke Math. Jour. 54), 91-114 (1987); 

[7] A.Antonov, K.Hasegawa, A.Zabrodin, On trigonometric intertwining vectors and non-dynamical R-matrix 



for the Ruijsenaars model, arXiv:hep-th/9704074 (1997); 



[8] A.Gorsky, A.Zabrodin, Degenerations of Sklyanin algebra and Askey-Wilson polynomials, 



arXiv:hep-th/9303026 (1993). 



13 



